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/· Void formation, growth, --an(l, coaiescence -have a. pronounced . e~f~ct , 
' 
·. on the properties of most materials~ Void behavior . is strongly influ~ 
enced by the type.of deformation process and· th~ magnitude of hydroe;ta-
• 
t_ic pressure--~ 
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, ........ : ....... :.-.:,. ............ .... Two modes of deformation are defined: homogeneous deformation when 
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.. ------------.-- .. -----.-·----···--- ... -· -
.., 
. no change of void volume ,o.c.cur~,-·.an~ non-homogeneous deformation when 
voids either increase or decreas·e in volume. Using~; upper bound 
theorem approach to predict void behavior as a -function of ·pressure and 
their geometry, an analytical criterion for the minimum ef~ective pressure 
necessary to initiate the transition from homogeneous to non-homogeneous 
deformation is develope·d. This pressure is called critical pressure, and 
its absolute value is the same whether for the case of triaxial compres-
sion and void closure or triaxial tension and void opening. The magnitude 
of the critical pressure aepends upon both void volume fraction and 
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void geometry.. In general, those geometric parameters. \~~hich represent 
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lower void volume fractions predict higher critical pressures, • 1 .. e., 
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void·. volume changes toward that volume which would be stable if the·· 
:.i - . ··················' 
· total· hydrostatic stress ·(tenned ·effective pressure) were· the critical 
pres.sure. Void geometry may be altered by deformation. thereby lowering·/ 
...... ,_ -
the critical pressure J'."eq,ti.red to initiate void cldsure. 
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' A pa.rameter.Which.J:'E!iateSt()·thedeViationfrom. hom~geneous 
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defonnation - hence, to the reliit'ive extent of vOid closure and en-
- . ' "' . 
····· - - - hancement of material properties - is also defined. When the critical 
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pressure is exceeded,·voids of. a given geometry will start to open 
' I faster.under triaxial ·tension than.they will start to close under 
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.. · _ triaxial compression of the same magnitude.·· 
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· Deformation behav~o:ru subsequent properties and -soundness of a- -· 
_·materiai' are strongly. affected ·by the type_ of inhomogeneities present··,:~~~--
~ 
within the material •. \Virtually all· real materials do in fact contain -0 . ;t· ~ 
. 
. 
- inbomogenei ties such as inclusions,_ ·hard sebond phases, -· and voi9-s. An 
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One of the most effec,tive methods of controlling voi~ formation,· . 
. s 
·- -,--growth,· and coalescence is by applying_ a~.high · hydrostatic :pressure 
. 
·during the de-formation process·. -·~e consequence of Eressure is apparen
t; 
' 
-most-.materials exhibit greater ,ductility when deforlned by compress_ive 
- loads as ·compared tp tensile _loads. Similarly, a metal wh~ch is_, ·~xtrud
ed 
rather than drawn through a die shows greaier ductility during the_- de-
~~~ 
...,,..._.~ ' 
forming operation. 
-
. 
The -"mean stress" to which the material is subjected 
in the extrusion operation is compressive and in effect is supplying the 
hydrostatic pressure. This pressure tends to prevent voids and/or crack
s 
from forming and growing, thereby extending.ductility by delaying frac"9 
ture while p~nnitting the mater:.al to deform. 
Considering tensile behavior, experimental observations show that 
·the voids which initiate fracture start at the center of the necked re-1· . 
gion and not at the surface Q For example, as far back as 192 7, Ludwik
 · 
fom1d by sectioning a necked, unbroken tensile bar of aluminum that frac-
ture began with a large internal crack which had initiated in the center 
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derivation of the stress· distribution at the necked region. The stress 
. . ' 
. ,, --
distribution is composed of a unia.:xially applied stress superimposed on a 
· triaxial tensile stress, which · varies from maximum intep.si ty at the. cen- · 
. . 
ter tQ zero at the surface. ·consequently, fracture begins at the center 
. "' 
·brittle state of stress •. 
I . 
-·1. . , .... r 
By conducting numerous tensile tests on many 
•...;;: . . . '-. ... . . '-···------... -·----------- .. -·· 
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metals with various levels of superimposed environmental pressure, Bridgman 
,'!'"' -
observed - as a general trend - that ductility and strength increased as 
the hydrostatic pressure . increased. He further observed" that· many mater-
ials formed under pressure retained some improvement in residual ducti .. 1-. 
. • • I :-r ·t 
ity. When a tensile test in a p~essurized chamber was :interrupted before 
. fracture, the spe_cimen removed and reloaded in tension under atmospheric 
pressure, subsequent ductility was higher than if loaded in an atmospheric 
~ 
environme~t for the entire test. Bridgman's- observations and proposed 
., 
4 mechanism of failure were subsequently confinned by Bobrowsky, et al. , 
~ ' 
· s 6 1 · a Pugh and Green' , and Davidson, et al •• Puttick reported that during 
' " the early stages, before any failure is indicated on the tensile specimen 
surface or by the stress-strain curve, voids had formed in the interior. 
Ductile fracture by the growth of velds has since been theoreticallr ex• 
9 . 10 11 
amined by Mcclintock o Rogers, Leech, and Coffin~ concentra~ed on 
the damage introduced during metal fonning processes and found that this 
damage (quantitatively measured by density decreases) could be suppressed 
with mean pr.essure cr·eated through an externally . applied hydrostatic 
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pressure and proper . die_ con£ igur.ations. 
Figure 1 shows the·effect of high hydrostatic pressures on the 
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tensile' testv reduction' in area at fracture for several' materials. •· ' . . 
Those that exhibit·some ductility.at, atmospheric pressure (e.g., 
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·- grain boundaries), growth,· and coalescence. Less ductile materials ··-··-----
··---:· ... 
(e.g., Tungsten, Beryllium) may undergo ·a disti·nct brittle-to-due-
. .. 
. 
. 
t---------· ·- . • 
tile transition at-some critical pressure. Because of their very 
low inherent tendency to deform this_ increase<! guc_t::iJ,i_ ty may be 
. ' 
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·attributed primarily·to crack g~owth suppressiop. . -- ---·- ·- ---- -- ._ . ,. --~-__:__ ____ -~ . ..:., _______________ _ 
Because of existing similarities leading to ei_ther a ·degrada-
• 
"I~-.., 
tion of properties or fracture in the aforementioned metal-defor-
mation systems, the behavior of voids is considered here to be a 
g~neral problem in continuum mechanics·.·· Thus, a theoretical ap"" 
proach seems appropriate and is. introduced next using an analyti- \ · 
cal approximation of real material. 
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.. ANALYTICAL MODEL 
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In.order to predict.the behavior of voids within a.material, a model 
of idealized geometry is used to simulate a bulk material ·(void, .. material . 
. 
. . 
. . 
·composite)e ·The analyb±dal model used here was·first introduced by 
' - .. . . . 
.,. 
.. . . . . 12 ,13 -Av1 tzur · . · and has been success.fully applied to various forming · pro- · 
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cesses for colllpo~i_tE? metal ~ystems! ______ _ 
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'-----·-_--------------- ---. --- --: . --- - As illustrated in Figure 2 (A) , the material is first divided into ....... ··. . 
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,. ... . .. __ ._ _ right circu~ar cylindrical regions, ~e center of each . being a void · also _ 
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of right_circu~ar- cylindrical sha~e. Since .. ~~c:h cylinder is assumed to 
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contain the·, same,~f:lize .void, the· boundary condition which requires that __ 
\ 
' 
' ' 
-
_ the exterior of ~.each,. composite cyli~der remains regular· al;tows them to ~-
. ", 
.... 
\\\\ 
__ :t,e11grouped together~' td\ form the bulk specimen., It is this bulk sp~ci-
\"'-\ . 
men which is intended to, ~pproximate a real material. Therefore, that 
: ............... which··occ.urs in each· cylindrical· region also occurs over some finite· 
\ 
volume of the real material. 
A cylindrical coordinate 
·:\ . 
systein (R, T, 0)- is used; the· origin is at 
' . •. 
the half-length of the cylindrical region,, and the radial distance ·from· 
the· axis·of symmetry T-is denoted by R. Because of axial synnnetry with 
respect to the coordinate e, a planer section of one - quarter .. the cylin- . 
\, 
drical region of Figure 2 (A) is uuei~ and is ~iagrammed by Figure 2 (B) • 
. -
' - • • J 
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Consequently, the analysis . will be restricted to O ~ T ~ T0 /2 and .... • I' .• ,_ . " ' 
O<R<R. 
- - 0 
The bulk material is.deformed in uniaxial tension, and the pattern 
of deformation is assumed such that the top of the section at T ~ T0 /2 
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- . moves upward at the velocity )U,' the bottom moves downward at the velo-
.. 
city - u, and -the periphery ·at R = % moves (inward) at the velocity au,, . 
• 
. -· -(-au ·if ?1 is negative) • 
The s~ction of Figure 2 (B) is then sub-divided into . four distinct·----"~-----:· - .. ------
. , ... ...,, ....... 
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~:-~···-. ~--~----.. -.. :---_ ... :: _____ ::,_.::-~·- ·'-zo~~~ :----1)--~--zo~~ :.=-I--;-~-~th;~=-cil±ndrical--: void; c2-)---zone - I I , · the matrix,. ·around the · .. 
' ' void·;· 3) zone III-, the cylindrical. matrix above the -·void; and 4) • zone IV, . 
. . 
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-
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------ . --=-==·~- ---- __ ··. -· ·-· - ----- ---~---- '·-·- -- --- ---- -------·-----~------ . ;,---
_________ . ___ the. matrix around zone ,, III. In each zone the velocity fields are con-
·--···---- -~-~:-----tinuous· while·-on--the····---JSoundarie·s--r---~ r---.~ an-d r betwe-eri the- zones- ~ei-~~i~ -- --- -- ___ __: __ · ____ -· ---- · . . ' · 
· . 2' 3' .. ·- -- · 4 · · ... -. - - · · . 
~Y discontinuit~es exist and give rise to she-ar (described in Appendix \ ,'--
\ 
.:···II). However, the components !Jf velocity normal to ·each· boundary are \ . \ 
.. 
\ 
-- "'-·· •-' --- - ·--
continuous and their relative magnitudes are represented by the ·velocity 
. --- ---------------~--- . ------; -·-·. ·- ., - ... ------·-- - -
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• I • . coefficients: 
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-~~.C.-...t.•-t•.Ji ,.i ,.t !.t,.l~.l~.I <, 1,:., ,.,,.,-1.,~.••·'-"; 
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·• 
b of zone II; c of zone III, d of ~ones II ano IV, and·e 
···- .... :--.......-..--------· . . _.,:_ __ --........... ·--·-:.·----- -------of zoqes III and· IV. Their values may vcicy .. -betweeri minus one and plus 
::II ·• - ·- _, ' -
fjl • -. 
I 
one .• 
I 
, The--upper bound theorem is outlined in Appendix I and. is the basis 
for all subsequent analysis. A. detailed development of the equations is - I •• 
given · in Appendix I'I, the result of which is an expression for relative · 
tensile strength for the bulk.material. 
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a/a0 = 
~, ~\ .. \'!) 
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.\ ..
· where Ro, Ri, T0 , Ti are the geometric parameters of Figure 2 (B) 1 a and . t 
a are the previously described velocity coefficients; and p/cr0 is the 
relative effective pressure (defined later under Pressure Effectl. 
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Homogeneous Deformation 
. ' ' When·the strain rate tensor at any ppint. in the bulk material {in-
cluding any volume occupie_d· by voids;) is one and the same, the mode.of -. 
deformation is termed 111 homogeneous". · _ · In other -words, when homogeneous 
'""'\ 
~ -·· ---·-----·-· ---------------- ---- --- -·--- ---------··-·. ··• ·-------·---------~---·- -----··--' --- -----·-------------·-·-··------- ·------------·- --- . - --- -- -- -------------··------~------··-·--·-----------------~------- --------------··---- -·- ---------
· · ------------· --·--·· .· -. -_ .--~deformation occurs the strain' rat~s of. th~ material are unaffected by 
. I 
• 0 
, ::: - •-1~ 
•. 
· .·the presence _of voids. The void volume- behaves as though it were filled 
,' . 
With . actual material, and tnEf deformation is accompanied by n~ change o~ 
-------
----- - - ----- -
volutne·ofthe bu+km~teria.I, i.e., no change of volume of_tjle voids. 
--------- - ----. ----:,._ --- . -- . - . --.. . - - -
,. 
' 
, With homogeneous deformation the minimum value of o/a0 of ·Eq.- (1) · 
. __ : ___ :' 
.. 
- . . 
exists at c = Ti/T0 and a = -Ro/T0 , the minimum value of 0/00 · being de~---
- ·( -
. 
• L 
. . -• -- ·---~ ·--~:--_--- ---·-:---:. . . 
noted by 0*/00 • The· magnitude of cr*/00 is exactly equiv~len_t ~.· the 
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· volume fraction. of material being deformed. (or wii ty · minus the yoid .: . 
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· ·--- -·----·-······------.-- ~.-- -- - ·· fr-action) • · - ·----- ---------~---------·------- .. --. -·--v- .' ---- ,._. ______ , ________ _ 
· Non-Homogeneous Deformation 
•---,···- '' .. 
When the mode of deformation is ·such that a change in bulk volume 
.. 
. ' 
occurs by either an increase or a decrease in void volume, the term 
. ' 
. · ____ .... · ----------.. "non-homogeneous" dl~formation is applied. The degree o·f departure. from -- : ___ c---~--.... - .. 
homogeneous deformation is directly related to how much the velocity co-_· 
/ 
. efficients c and a of Figure 2 ( B) c ~viate from their homogeneous v:alues, 
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~--~--- ' - ' ..:.. . --· 
and quantitatively is the magnitude of e and µ. ·(For homogeneous de-
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I _. 
·• •.'''··-·· 
formation, E and µ equal zero.) 
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E~ressed·~athematically, 
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' . T· _· 
C = T~ ( 1 + €) ..... 
·.·.where 
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·, Consequently;· a· change of varial:>.ies· as performed- _in Appendix. II trans-
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\ 
\ . 
- 1:-
\ 
\.· II•~-- ( ..... --- .. forms Eq. (1) into 
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For a given geometry'and p/a0 , a/a0 as a·function pf e andµ exhibits 
... 
a minimum for a unique combination of £. and lJ values •. ·The·-minimum value 
. ' A. of cr/cr0 is denoted as cr*/0, and the corresponding optimal deviations 
\ €opt. and µopt. respectiveiy. · .. The iictual ·non-homogeneous deformation 
as . 
' 
. } 
be-
\havior will be characterized by Eopt. · and µopt. as _that patt~rn which 
minimizes Eq. (4). (As explained on page 13, for. all practical purposes 
I 
the£ is zero.) 
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PRESSURE EFFECT. 
One of the most effective methods of inducing non-homogeneous·· 
. ·~ . \:,~ deformation (hence, enhancing material properties via Void closure) 
; . . 
is with the application of hydrostatic pressure. However,, externally 
--.... '· - . ,1::_i,. . 
applied .pressure is not the orily ~tress·· component t:g.at affects de-
• .:i.. . , ' . •• ;, 
• J 
. ,•,t, 
- . . . ' . . ' . 
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effective ,Pressure) that influenc.e·s void volume changes is the ~UJll of 
· ..... 
,.r 
. . 
'" • . .\ I \ . . • • 
the mean component of stress generated int·ernally by deformation (or . 
by residual- stresses)· ·and the· ·superimposed (externally appl~ed) hy- . 
~ • . .. I , ~ '• ' I 
drostatic pressure. The working of· ·a specific .material wi ~out a de~ · · 
gradation .. of its _properties can be accomplished only when·· the effective 
_pressure is of, a sufficient compressive level to eliminate void growth. 
Critical Pressure 
-·-·-----······· 
. .. .. -· ........... ... .... . ·I ... . 
The minimum effective pressure necessary to initiate the transi-
..... ' 
, 
·tion from homogeneous to non-homogeneous,de;prmation is called relative 
critical pressure and denoted as Pcr/cr0 • 
-i---- ...... 
' .· , .. - ~ 
For a. given geometry . (here for a void ___ aspect; ratio·· of unity) , Figure 
· -· .. ----·-·-·---~---·--- .. -·-3 illustrates ~ow effective pressure .i.:rifluences a /a O ~ more specifically, 
.. . 
-
"' ·-- l 
I·. 
""~-·-·· :·---~---.. ----
·:,,·~----
its influence on the prevailing µ (µopt.) · at o* /a O • · Without pressure at . 
p/00 = 0, homogeneous deformation :>ccurs wi:t}l µopt.= O·and a*/a0 equal 
to unity minus .. the void volume fraction {o*/cr0 = 1 - (Ri/%) 3 . 1 - (1/125) -
I 
009920). Next according to Eqo (5), which is shown below, Pcr/a0 = 1048830 
When the ·effective pressure reaches this value, the slope of cr/o0 just be-
comes zero at,.µopt, - O, and non-homogeneous deformation commenceso 
i 
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As pressure rises. further, _the work (power). done by pressure alone 
' 
bec9mes signific~t. ··To illustrate, when p/cr0 = PorLQg_± 2 = 3.4883,· 
. . -. 
---------------·--·.--·-------- - ------ ---
. ' ·• 
the optimal deviati.on increases to µopt. = Q.105.0, and 0*/a0 is low0:i-:ed .· . 
· to 0.9152e, By Eq. '.-'{68). of Appendix II, the relative power for the volume 
... -···~···-. --~~--~-·- ~-.. -.. --- - - . 
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' ... · . 
total relative power spent on the bulk material. increases to 1.2815 (i.e.,-
. 
···-----·- ·-·----··--.. ---------~-----------·-.··--·--- -- .. . . 
· .. - 0.3.6.6l + 0.9152). 
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are 'associated with an increase ·in a/a0 1 co~sequently, would n~t prevail. ,_ . 
•. 
. ·As.developed in Appendix III, the relative critical pressure·is given 
do ,.. ' 
·, by 
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·- ,i .. 
. ... ----· ------ -----. __ ....:.-....:... _____________ .- --.---------------
. (5). . ~ 
The plus sign_is us~d whenµ> 0 (e.g., in situations of positiye effec-
. . 
· tive pressures, such as hydrostatic extrusion), and the n.egative s.ign· is 
.... I• ' . 
used when µ < 0 ( e. g·. ' in 'the• case of negative pressures' such I as exists • 
... 
in the necked region of a tensile specimen). F_igures 4, S, 6, · and 7 are 
plots of Eq. (5) over a range of geometries, and they will be enumerated 
on in the Discussion section. l-1 .. .' 
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As alread,· described, the deviationµ which corresponds to the min-
/, 
imum value of a/a0 is called Popt. and is that \-,hich should prevail for 
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·a given geometry and given deformation conditions, primarily· pressure •. · 
. . _·-.,~. 
·- . 
. . ~- .. ' . ! ' • 
It can be directly·related to the degree of de~arture from homogeneous 
__ : ______ , __ •• ••-·.---•' - ·-·--,-~··-·
·· •••••••-••"•"' 0 
· · deformation behavior; ·consElqtiently, · to the :r;elati ve extent of void · clo- · -· l', 
\ . . ,,_:-
. 
. 
sur_e or opening. 
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· deri va~i ve of a./q0 with respect --to µ and setting it -equal to zero with;.. ' " 
. . . I 
~- ... ' out· first expanding Eqs. (63) and: (65) of Appendix_I:J:_ ~ni;o series form. .. . . .· .. 
... 
. ~is expansion is performed to the third power of both£ andµ in 
. -. •' 
,.,$,,; .· 
. \; 
.. ~~ ____ __j__. - ~ ---------· Appendix IV; however, the final expression f~r. µopt •. · rapidly · loses ac- ' 
. . - .,, ____ c::uracy (diverges ~rom the exact value of µopt.> as pressure increases • 
---·------------------~-----------·- ... ~evertheless,. the series expansj_on value is ·useful as a quick approxi_-- - .. · -. ··- ·- ---.-------. --- - ·• - ··-- --
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ination of llopt. especially at effective pressureLs below va..lues which are.· -
~ ............ , .... 
. .. 
on the order of the flow stress a0 of the·material above the critical 
- - -- -------- - r, .. pressure, i.e_., (p _- Per> /00 < l. As developed in Appendix IV, ·. 
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~ In Figures 8,- 9, and 10 any series expaniso~ µ~pt. from Eq. (6) 
(dashed lines plotted between O ~ (p\,-- Pcrl/00 ~ l) - can _be compared· 
. . . . ' . ~ . -, . ' : ' . . ' . .  . . . . 
. ·· to the "exact" µopt., which was obtained through a computer 11Unlllll.-. · 
- . ~ . -- - - --
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' .:-
- . ./ - - - . 
• 
_ and greater: __ errors ·at higher_ values of (p. - Pcr,"-)L..../.......Jcr0~·--~~~~-----~"·-.. -~~....--'--__:_~__:_~ 
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As a counterpart to Eq. (6),·a corriasponding e~resl,iion for £opt. 
is -computed in Appendix v. 
de~cribed in Appendix v. 
-..., • .1~ 
However_, its appiicat-ion is v:~~- +.¥!li ted as_ _ 
. t . 
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-- -----~·---~-.,.-'-:--···=-:---c-,-·- By mapping. Eq. (4) :as-·a--·function -of· both E and µ, · the effect· of 
/ . . . . 
---·-----· --~--' ___ 1. .--·-· 
I 
\ 
-~-----_&_~_n __ q/q0 was found to be negligibl.y-·small _ rela~ive ~() t~at _ of ~! ___ --·-·-··-
Furthermore, according to Eq. ·(68) of Appendix II E has ·no influence on 
the effectiveness of pressure in inducing non-~~geneous deformation. 
Consequently, tor all geometries and pressures Eopt. can be assU1Iled equ~~ 
' I 
, . __ .- to zero. 
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Extrem~ly ·high .pressures are ··required- to cause shrinkag~ of_ 
. -
-- small ·voids o consequently, no finite pressure can be expected to -·com--0. --·· 
- - 14 ----------1. _-- __ - ' - -- - - ' -
- . 
-- --- --
-- --- - pletely close a void. This fact has been substantiated by Stass·i·'"' • 
- •(lo • 
' Assuming that., tht:! _ pr~.l!~~~~---i~_~i(le ~JlO_ids_is _ __one--.atmosphere and--tha~-'bhe---.-C---------~"~_:_ . ----------------·- ·-----· --- ------~------ . -----------
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·inner pressure by an equatiQn of the·same form as that for a thick wall: 
... - ~ 
sphere, Stassi has -shown -- that the _ required outer pressure is immense_. 
--- - ~-- --~- - ---- - -~-- - ---
- , 
. . 
·_ ... '- ~-It -·-can be concluded that-without ~--- accompanying deformation process, 
·. hydrostatic· pressure alone - at least at __ magnitudes attainable by cur--·· -
'i .. ,
rent technology - cannot· close voids in a material. 
-· 15 
Bulychen et al. 
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·,. '(I • • ·., . 
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presented data which showed that hydrostatic pressure as high as· 100-,000- --~--~--:-------------.. ~- · 
... . • 
..--- . 
' • 
- ,!) 
~ 
atmospheres not-accomp~ied by plastic deformation is· not capable' of 
healing voids and cracks in metals. Howe·ver, with . both hydrostatic _ 
--pressure and deformation,· complete_healing was accOD'g;>lished. 
,----.'..-.,.._ .... -·-
-The ef feet of a deformation process in. enhancing material properti,es . 
· is essentially two-fold. . ~ First, the deform~tion flow pa~tern will alter 
void geometry and in effect lower the critical pressure necessary to in-
., 
itiate void closure (see Discussion seqtion). Second, the shear induced 
during deformation causes sliding ccntact of the internal void surfaces. 
' 
,, 
' This results in a partial welding together of -the surfaces {particular-
. . ly in elevated temperature defonnations). 
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. ·The.'. level of. effective-pressure acting .on each composite cylindri-
cal region of Figure 2 (A)- is· determined~.J?Y. both the restraining stress 
. ~- ,··. 
·state imposed by neighboring·bulk material and.the externally applied ' I· f 
. . ' 
pressure. These· stresses can, of cour~~:, _be either compressive or ten-:- w 
-}--- . 
I 'I - . . 
\...•; . ' · voids) will depend . upon _not only the typ·e of deformation proces~_-.?~~- --~· _. _-,,.~-- -
--;- .. -
. 
. ' 
-~---· _______ :~~--- ~~---· ___ also upon their relative locati9n -in the bulk materi~. F 1 ,. or examp e-, ..... :_ __ ' ... -. c.· ' ' ·: ~-
. •. 
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voids of a"given size and geometry would tend to decrease in volume . e 
. 
. 
.. •more. so· ·i-f a specimen were hydrostatically extruded th~ if. it' were. 
·_· .. _--·-· ,· •. ___ , ____ dra~ through a die in an extei:nal pressureof the samemagnitude·.-.-.---Mor~,..-=-~-"------·-_· ~----.. ·----------.. ,, ·"."-~---:"-.. -- -
- . --------- -- -----·-----
., 
------ ·---~---------~-·. -----'·:ove:r, the volume · of voids (or extent of other damage,· as in reference 11,) 
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__ ... , ------
) 
./ 
. ., 
near· the center axis would tend to be greater than that closer to the 
___ .. 
surface. • - I -~.} -. 
·critical Pressure 
Figures 4, 5, 6, and·7 are- plots of Eq. (S) and show how the pressure 
required to initiate void volume change varies wi~ the geometric parame-
ters of Figure 2. Voids tend t"' close 1with triaxial compression (positive 
·-e·ffective pressure) and open with triaxial tension (n~gative effective 
pressure); however, the absolute value of·these criti~al pressures is the 
;-\·1. 
same in each case •. The magnitude of Pcr/00 is dependent upon both void 
volume fraction and void geometry (i.e., aspect ratio). 
In general, those parameters which represent a lower volume.fraction 
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· of voids predict higher relative critical· P..ressures·. Void geometry · 
' - ef feet is evidenced in Figw;:e 4. · Even when the void volume fraction . 
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(expresse_d_ as v = (Ri/Ro>2 •(Tf./T0 ) ) remains; constant,. the p c~cr O con- I 
.tinues to.be a function of void.geometry. Relative critical pressu;re 
. voids become either thin discs (small Ti/Ri v~lues) or long narrow 
' 
. (':,/ 
cylinders (large Ti/Rj_ values) • Theo real signif i'can·c,e here is that even ' 
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if the initia~ effe~tive press~e .is below the critical value (i.e., 
/ 
-~~-·p/00 < Pcr/~0 ), it ·may eventually exceed some lower critical value if the-
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____ ____ voids were to change shape. This change of void shape, not vol Uig.e , oc_qqz:-1 _ ------~---~~-- .. 
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when the· material is·. deformed. (homogel)eoig~~l • . Consequently, void. closure ________ .. ~ __ · · i: 
\,, ' 
through change in their geometry is possible with a deformation process. 
1. ----------·~-- • -
As illustrated b.Y the proximity and parallel;i.sm of the line~ of Fig-
. ure 5 for a range of 'l' i/~ and . T0 /Ri values, per/a O is largely a function 
--..........___ 
of%/~. The critical pressure reaches a minimmn, so that for voids ei-
ther smaller or larger than some value of %/Ri critical pressure rises. 
J . . 
Small voids are surroWlded by a corresp~ndingly large mass of material,· 
·_-consequently, on-ly very high pressures are able ~o cause the plastically · 
deforming mass ·to ··influence the vol une of such a_ void. In other words, the 
- . .- '. . . -
t- -t·· ·-i --- / 
.. 
effect of the void.on the deforming material is such that the latter derives 
... ~., 
no benefit (via a lower 0/00 ) through void shrinkage, i.e., deforming in a 
non-homogeneous manner o Conversely, for very small values of R0 /Ri (Figures . -·----··· 
5 and 6 ) , per/a O again rises. An analogy may be formed with the metastable 
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---situation ·which ·exists in·· the---n~eked .. -lieqion of a tensile specimen .just 
prior _·to fracture. The· relative radii of the voids (Ri/R0 )_ have gr.9w,n 
to the extent· whereby-they cannot be -increased further under the prevailing _________ _ 
-
... , ............... .. 
. · state of tri.axial tension. Likewise, virtually no. amount of positive .. ·_ ... ~ . ___ -·----~--
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coalescence and ultimate fracture· of the materi_al' is imminent. 
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At pressures above- the critical value ((p - Per> /a0 ) the· origina1·-void 
· volume changes u(with or without a geometry change). This necessitates a 
corresponding change in graph reference; consequently, the previous plots 
of Pcr/q0 az.:~ -~separated_ from Figures 8, · 9, ·and · 10 __ ~ The void volume changes 
' 
tQward that volmne which would be stable if the effective pressure were I , 
/ 
. -- - . -- -·--· ------··-- - ---· 
\\ 
-the critical pressure, and· the void geometry 9hange will depen~. upQn _1;,he __________ -. __ 
deformation flow pattern (e.g., if T0 /Ro increases, so does Ti/Ri). 
. ' 
The rate at which voids change· in volume is indicated by the magnitude 
. -
<?f the optimal deviation, llopt.. At,"positive e~fective pressures, llopt.~o, 
- ...... ~,- ---··-~------· -·--·- at negative effective pressures, µopt • .::_ O. Each curve of Figures 8, 9, and 
10 applie_~ to ~ndividual geometric condit~~:ps .. an~ illustrates how µopt. 
· varies with effective pressure above the critical pressure.·· As previously 
,. 
mentioned the solid curve~ were obtained through a minimization of, a/a0 
of Eq. (4), and are consequently "exact"; the dashed curves are plots of 
( 
Eq. (6), and represent approximate values. 
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The value of µopt •. · increases as an exponential function of (p - Per> /a O ; 
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so. that,· -for -a given geometry,- the-void-vo1ume can be expected to ch.ange 
more rapidly as pressure. increa~es above p0 r/00 ·• . As voids decrease __ .i_~ -~ . -
-------- :- . . . 
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- .. . -· .. : .. 
size (e.g., ,larger %7Ri ·v~lues of Figure 8, larger T0 /Ri values of 
t ·, I -
r. 
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-
·- .'.,,<: - -· ---.----------. range ·exists. A readily apparent example on Figure . 9 is the -range 
2.5 < P ~ Per < 3 for Ti/Ri = 0.2 •. F0r lower values Of P -,lcr. , µopt. is 
0 0 
··small. 
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Abo:ve the range ver:y s_light increases · in (p - per> /a O result in tre-
mendous increases in µ9pt.·· -The initial void volume change is very rapid, d 
which indicates that very slight changes in pressure may have a dramatic 
i;':.·' influence on· void behavior and material properties. 
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As indicated by the slope changes of the curves of Figure 9 and. 10 es-
· · · pecially, a void of a certain geometry will start ·to open faster in a stress 
~- state of triaxial tension (region where (p - Pqr>7a0 < .0) than it will start 
to.close in a state of triaxial compression (region where (p - ~cr)/a0 > Ol. 
6 
of the same magnitude. The cycling between these two states of stress - even 
L·~·· - ..•. , r though they are induced only on the very localized microscopic scale around 
individual voids - will cause a sma~l finite increase in the volume of the 
void with each cycle. This increase could eventually.result in fatigue-
type failure of the bulk material. Therefore, future refinements of this 
'1: 
analysis may possibly lead to the development of fatigue criteria. 
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0 ·Special Void ·Geometries 
'l' In- Appendix VI (as per reference 20), the 0 expre'ssion for relative 
.--·· 
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•,:· critical pressure reqllired ·1:0 -caus·e -inward flow ·of spherical. voids . by -
--:-·· --- ! 
__,--..-----··--- . -- ........... _ . 
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Pt~ssure alone is ·. computed and simplifies to 
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where the value o:£ R0 /~i may be taken f<?r a situation Qf ei
1
ther a spheri-
·-- . . ,· 
' 
-real geometry o:r a right circular cylindrical geometry with a void' aspect 
ity (see· below)~ 
With an aspect ratio of unity, the cylindrical geometric relation-
ships are invariable at · 
'l' .. T . 
.!i = .!.a. = 2 
Ri Ro 
\ (8) • 
· Substituting Eq. (8) into Eq. (~), the relative critical pressure for a 
bulk materi·al . whose cylindrical voids have aspect ratios, of one becomes 
(9) 
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In ·terms of void volume fraction v, where .;. 1·' -~-~ ---,. -r.• 
• I • '• • •' 4r, 
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Both Eq. (7) (for spherical geometry) .and Eqs-. '(9) · or (11) 
I'' 
. ,. 
·cylindrical geometry) are plotted in Figure ll. (At %/Ri = 5, ._rela-
tive critical pressure is ~~488, and its effect·. on .,,Q/Q'~~-)~s- illustrated· 
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.. in Figure 3 and was discussed previously.) 
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Because of . the upper bound, ; · 
characteristic of Eqs •.. (71., _(9.) __ ,,_. ang (J..i_> , th_~~].~~~S!,_ solution is the 
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to Figure 11', the cy-lin~rica-1----void solutiori--would-be ·-most ·suitable up 
' 
.· to approximatel¥ Ro/Rj_ = 15.6, ·which corresponds to a void volume frac-
. 
. 
-
tion ·of less than 1/3,800. _ The vast majority of commercial ·materials ' 
· (cast and wrought metals in particular) are significantly more porous 
. 
. 
, 
than.that indicated by v = l/3,800, and should generally obey the cylin-
·arical void solution. 
For effective pressures above the crit~Qal_v~lue, Figure--12·-is em-. 
ployed. It is analogous to the ·previously discussed Figures 8, 9, and 
10, and similar reasoning applies - particularty·/to the existence of an t •. ' )• 
abrupt pressure transition range with small void volume fractions and · 
k \ 
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negative pressure. . -------- ~- . . ---- . 
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TWo other special void geometries ·will be considered: (1) long 
narrow cylindrically-sh.aped void~, and (2) ~in 1disc-shaped voids. . The 
'---.limitations of the original model of Figure 2 have not been determined; 
consequently, it may be found that they restrict the application of this 
analysis (and of Eq. (~)) to such extremes in geometry. With the narrow 
cylindrical void, zone III is virtually non-existent and the shear power 
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along ·surface r4 is the dominant·factorin the analysis. For the disc-
·1 ' . -:~ . 
L,-,.:-,,~--"'~"""'•'•·,,,,;.,.,., .... ,,,,,., .. , .•. 
like void, similar ';rea~oning ·applies .for zone II and. the shear surface -,--- ~ 
. - . r Also-,- with these Situations 0£-. very low void yoluiri.ei elastic defor.-
'.-. ·~ ... :.~:·.· . _· __ ~--. 
;· .• ..J mations · - not only the plastic de-formations_ of this. analysis - of the 
: ·· . . :-,,<. .... ·· '· .. :.' . 
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·---~· ----.,---,-.----surrounding ... matrix~--Predominate-. -
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Relative critical pressure for.the narrow cylindrical void situation· 
· is plotted in Figure 13. Again p!/a0 increases as void volume decreases 
arid is essentially a linear function of inverse void . .length T0 /Ti. The"·--· . ·· · 
relative void radius Ri/% does not have~ appreciable effect on critical 
pressure,_as evidenced by the small pressure rise accompanying an increase 
-of two orders ofmagnitude·in R0 /Ri·from . ..10 to 1000. As an example of 
how such a void-may.shrink with effective pressure, ;consider the original 
. ' ' geometry·of ~0 /~ =_ 10 and T0 /Ti = 27. If p/a0 is increased to 10, the 
void may shrink to a stable siz, via any combination of increases in 
. Tr/Ti expands to 30 at constant R0 /R1') until' p/00 becomes the Pcr/a0 • 
0 
Relative critical pressure for the disc-like void situation is plotted 
in Figure 14. This geometry may aid in predicting the behavior of a ma-
terial containing ... a dispersion of internal cracks - especially if they are 
' . 
. . ' 
ne~rly circular in shape. Enormous effective pressures are required to 
" . initiate a volume ehange, particularly when the cracks are very narrow (i.e~, 
very high values of T0 /Ti) and/or have $mall relative radii (i~e., high 
values of R0 /~). 
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APPENDIX I ·(UPPER BOUND THEOREM) 
') 
Since extremum prin9~ples had been applied with notable success 
. -~ 
. ~-- ... ··. 
- -- -- --- . ___ · ·-· ·. ·.,.-·· _._.·. ___ ·. __ in _ the: development of. llplastic design II. of structures ,- Prage·r and Hodge --·---------. ,~---";~~---··:-,_~-.--~ .. . . 
. -
. 
-, . 
. 
. 
suggested that . limit analy~is should be . a powerful tool i·n · the analysis ~-
" 
---·· ----- ----. L . .- . 
· .. · - · of plastic deiormation of metals. Their statement of . the upper bo~d · - .t . 
' 
-. 
" 
. 
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theorem was "among all kinematically admissible strain rate fields, the 
_( 
actual ·one.minimizes" 
-
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In this_ analysis, the material iS' ass,med to obey the stress~strain·------:' 4-· • ..... 
• r 
• 
-·--- ··--- _! -· -·· ----~-- ··- - • t 1 t . h. d th . ld ·t " · f M. 17 ra ere a ions 1p an . e yie cr1 er1on c .. von ises • This implies 
·-, J 
•• I 
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no elastic deformation, no strain_hardening, and consequently, no volume 
change. Using the yield stress of a uniaxial tension test,· 
. -.~ o; 
·· ... · k•. 3 ........ (13) 
·•- ·-·r-- l· 
~Incorporating Eq. (13) into-Eq. (µ), the ,;ipper-bound equation·becomes 
. ..
TV: 1 s A '/. (l (14) 
s 
-~· ·_:- .. · .... In the foregoing expression,. J* is the calculated upper-bound on power 
. 
. 
· ··-·:-···---··--·-·-·····- .. ·On the right side of Eq. (14) the first term is the internal power of 
deformation and the second is the power required to overcome external 
stresses (T) opposing the defonnation process. An example of such a . 
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·Stress_ is back ·terision·in the.drawing operation. 
. . 
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In an., appl·ication ·of limit analysis to design of structures, Drucker _·_ ,. . 
----~18 --· --·---- · ----- ---------------- ------ ------ - --- -- ------- · --'---- ---· -· -· -•---- ------- ---- ·---·-·· -- ----- --""-·-·· -----------···-···· · ···---------- -----------~ 
.,-------------~~~'-,-.-.-----'.---_ -_--_,-e-t al. util~zed the concept of ~iscontinuity surfaces. As applied to -~ -~; ; . 
c C 
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-m~~ai forming, these surfaces may represent . shear within the deforming 
. I_ - • . 
-----'---'-----'-----m_a_te_rial. Wi ~ ~is modification, the up_p~r-bound esuation_ is e~~ded"--·-----'-,-,---'----'-._____,.--...------
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7; i· Js. (15). 
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. : In general·, . the power analysis is _perfo:rmed by· postulati.ng a kinemati-
. ·: .... ,. .. 
I -·••,' .~, ...... '; 
cally admiss~ble velocity field and calcu~ating f~Gm it the internal 
• • 
power of deformation (Wi)., shear power (Ws), and power to overcome _opp~· 
• 
. 
sing external forces (Wv>· Thus 
... ' -- .. 
. .... . 
'J-= .~ + • \.v.. + w. . ,V (16) 
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APPENDIX II (ANALYTICAL MODEL) 
' -)··- ------
~ / ' - . \,--- .. 
, .. . . . ' ·, . 
. ,. . .'' . - ... ' · ... · ·-· .. ··. 
-----·-- '----·--·-·-------- ·•. -._............ --'------"- .. ..,..._.· :-- .. -- ·-. --.- .. ---~·. .--- . :·---~r--~:....:..-~,---·.::_ __ :..;_,___;___ __ _;_ __ :.._ _____ ..:... __ ~·----·""7'--···-:·-·· 
i ,.,··. 
- -I -------- - -
· -. -Velocity Components -__ 
By maintaining a- constant vo:J_ume-rate for each zone of Figure 2(B) 
'1... '\I 
-________________________ , __ ,_; ____________________ --------·--·------ -----,---- --- - -- - - - - - - - ---- - -- -- - -- ---- '-· -- - --- ,;t> _L. _____ ' '_.f' --,>-,,. ' - ---- - --- ... , - -- ' - - ' 
,~ ~~ . · fo~ hlle-tnodei~dE!VEliOpecLhY Avit.Zuf if fer~~ces -1:~1.Ultl. ~~t,-~e~vel-ocity--~·--'-:. ~~ 
, · coefficients (~, b, c,. d, and e) can he.interrelcit~d as'\tollows: · · · 
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- . .:~--- ' -··-------··.·.-.-- ~-· --
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' ~~~, 
·--·-·--_ ··-----~ -- _- . ____ _._. ----- ._· ___ - .......... '·-··· . 
Substituting Eq. (17) into Eq. (18), - •.• - .. "'-· - • - - .. _ - : -· ... ,_. __ ...,...._ --·· --·· •• ~- - --· ---.. ··--· ___ : ·-~.,--- .-. - --::"! . .___.....;.__... ' -- --·· ·-,-···· ,--- -., -- -·_ - ... ._._. . 
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. . ' The velocity .field of zone. I.I is ...•. ! . 
',,, ___ .... 
. . . 
----~~-.~-.. ~~~~~~<-ao-1 .· .· ·----'------'---
' -'---'--. .___:___.._..---~- - ---- - . ---
-, ---- -- -~--..------ ------- -!~ -. 
., 
~--------· .~~--
.· 1,·1..... = 0 
... V'& ·-~--~---~-~--
' (/;I, ,·1--
.. , -- --.-.. ··_·· __ --,_·_ ... _, ___ -:_~J_:~·- _'_. :-· .. - _· _____ ~--.:-- ·:·· 
. . -
- ·---.- -· ~ -- and the stress-strain relations of von ·Mises, Eq. (4.10) of reference 
--.-~ --.-- 19 , lead to 
• • • *' ~ . u· -------"-o • 0 . · fl.. ·- - - - -- - -- -:-- - - --- -- ---
·E -+£ +€ 
·- --- · - ~ - -- ., - . ,- -, It ft - TT ee 
,. = iJR UR+ ~TLJr + R =r O ·~ <2l> 
·, . . . 
... ·-
\ 
Substitution of the velocity components from·· Eq. (20) into Eq. (21) 
.leads to 
= o. 
-.· - ,, .. _ . . . . ... _____ - . _ .... __ .... 
. d ·c 1 'T) .. I i) (, · ) 
,}T 2 a U 1j + R ·JR. R u~Jl' 
. - _, .. --. ---- .... -----~---------~--- _,,_ ·_ ... _-__ --
.. 
1----
• 
• 
= -Rel u A or U~x + Ti R , 
(22) .:_j 
' .-, . 
. 
-- ·- -- - ' ,. 
-- - --·-· __ ,. --- . ~ ----~ -'~"- --··----- _,,. .. --- '.·-,-;·-~-, ... "" - .... -- ---~-..... -. ,-~----"~- -~·. -
. . 
where A is the constant of integration. 
- ·----- -· ..,....c•- .-.c -~- • ~ ...... ' --- •• ~~. ..-. :. -~ • -~---~-- __.,.,~_.., __ - -
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~- "",;_ .. ----···-- ----
-
··-·----·---·· --·------------------------- -·------------- --
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·-- -' --------··---------~--- -· ------
When.R = 
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R .. , 
:0 
·a.-u -
• • 
u , · = au; 
RII 
• 
-R clu 
. 0 . -r: 
. -~,· 
--- -- --e 
' .. . 
· -- --- - · ~- ---~27---,-,-
therefore 
- - --
+ 
.. 
A-= U Ro -(a. + ~ ~;--- ~.-.,. ·.or 
- -· -····· -- ..___ ·---...-- ~ -..:,------ -·· 
. . .. 
- ... - --- ------- -----·-- - --·---.-·· - -----·,-- •' -· ---
Substituting A from Eq. :(23) into Eq. 
. -----~.:--
:.·1. 
(20) becomes 
• • 
. .. R •.. 
+ cl u - RT; 
- ... ~. ;:,- . 
• 
----- --- --·-------·----~-~------ -u ' . 
. T1! 
-----------------'--'--==== 
(22), 
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-. ---- •- -- -·- -
. -- .. ' - ·--· ~·. -
the Velocity field Of.- Eqs. -
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- "-
~-:---·-,--
. (24) 
- ·---- ---- ---- - -- -, ---·--~· ' ----------
.. ---- - ---·- ----
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The .velocity field of zone·III is 
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-.. r·--.:.__;__,·~··-· - • -- • ~ ·--- -·, ··-· • -
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As before, sub~ti.tution of the velocity .. "components from Eqo (25) into~ 
----~-- __ ' _________ -1 . j 
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r ' • . 
e.U 
_· R.,~. 
. . ..... ·. 
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- ----------· .... -
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.. · or 
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= -zU e T +B R, 
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where Bis the constant of integration. 
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When T· = Ti/2, UTIII = cU; therefore 
or 
c U = -2 U e · Ti + a 
,e,·. 2. 
l_ __ _ 
B•U(c+e11 
- . R; 
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.. t-: '.· . ·, . ,, .·. 
. ··- - ---- -- - . ) . ' 
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· (27) 
.. ·-· ··------· --
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. Substituti~g B from Eq. -(27) into Eq. ·(-26) , .. ' 
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Substituting the expression for e from Eq. (17) 'into Eqs. (25) and (28), 
,, ~-.--.. !.~,-- ··-··-
-:-· c-----~-- ... --··: .. ----·-_· ~-:.-= 
the velocity field becomes 
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R(c-1) 
7;-T;· 
'= LJ C + ( c- I) ( Tl - 2T) 
T;-T; 
~ . ~ . ' 
. . 
/· 
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Since for zone IV the velocity field··· varies,~ linearly -and- obeys_--_ 
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The straight line e~ation· for u1v_in th~_T direction is· 
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, r.· 
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+ JU- U-dU(-,; To .. 7;-. 2_ ···(31) 
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As before, ·subs'titution of Eq. (32) into Eq. (21) ·leads to 
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JR R =O 
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zlJ. ,-d. ' ' . d ( R i.J,011:) = - R 
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D 
R 
where Dis the constant of integration. 
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Substituti~g D from Eq. (34) into Eq. _(33l . ' 
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A' summary __ of_ the velocity fields for zones II, III, and IV of 
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-~igure 2 (B) is __ g_i"7-en in the following table •-- -··· ---,- -- ----- ·- - - . ' --
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Velocity Fields for Zones II, III, and IV 
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Strain Rate.Components I' . 
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· By a_pplying Eq. (36) to each of Eqs. (24), (29), (32), and (35), 
the following strain rates are obtained:· . 
Zone II 
.. ·~------ -·- -· -·-- - - . 
' 
• ' lo 
. - :.- .. -..-----···-·---- .... - ,_ ... ' -
~ ...... _, ---··---~-.... ·-··-·-- .. _._.. .... ~---- ·'---' . 
. .. . -. -··s -.-,-.,, ··-:'"· - c..· -,-.. ,._------.:· - ,- -· .... 
' 1 ' 
.. 
. . ~ ..... . ... •- . - . .;. . --. 
;.. 
•: 
Zone 
•• • 
€ ·=·U RR. 
. ' . . d 
·£Tr• ZLJ-
-7; 
- - ------------ -· .. - - ------- -- ---- --
. cl 
- Ti 
= u· Ro ct. + d Ro2 _ 
~ R.r. -,;: R" 
J.· 
T[ 
III '• 
,;:. U (c-i) • • . . . • ... I 
£/i?R - €ee - -y€rr -- To- -r;: 
Ill 
··- ----·· ------~..,___._~----- ........ . 
'V"" 
·--- ----,(37.) . -~--- -- .. · . __ · ... · ___ _ 
---·-- , ____ _...._ ... ,, ... ______________ _.. ..... ,~ ........ - .. ···---~ ~ - -~- ..... , .......... ..- ........... ._.,._ __ ,~--.. ......... . 
a-··-·-·~-.--· ---· .... --,·~. '•. • , .. .._._ .,-- . . ·'<-~ .. '' - .. , •• - ._ .. ,,_,,.,. ••.• -.c,- •. -.-, 
,· ' . 
'·'""'·· .. ,.:....- ·--~--·-• ,.. . .,. .. --' • ..... .. ::~r--· ':· .. ·7--::;:- ~--·-··;--.. --~---:· ··-.,-. c-,., ,. 
~ ..... _.,..,...,_._. ~ - ' ..... , •.. ·.•' 
. - (:, ··, 
' . . ' 
•. 
·(38) .. 
... ,. ...... ,,.,· ..... ... 
---····---- - - -- ---=·· - ·- ------
-- -
- -- ---
. ,,,,,. :0 (l . 
' ' 
~ ' . . . . . 
~- . 
· - -,32..i, 
' . 
' ,. 
.. 
/· . 
' . ,_ . --... •, .. ·-. ··. --
_________ \_ ___ ------ -, ____ ,, . ---------- -----
-- - -- ·---
~--...___._ _ _ 
-~ --------------- -~----- --- -- ----- ---- --- -
--...:. ,_ ... ·1. 
----- --- .. -- . --- -- . ···- --- - . - . -------- ·---.--- ..... ·-:··· ---- '····- ..• . 
. - .. ·----
' I 
. ' ' ~ ' 
___ : ______ ---~--_.-'-~~~-----· ____ ._ Intemal Power of _ Deformation 
. ..._ . - . 
- -- •• -- · • • -•·• - --· . cf'. ____ •• .' -----•. ~- ..., ______ - -· , _ -----· . _ .• 
In the principal ·axes, Eq. (16a): reduces to 
'' , 'I ( l~ 
I . ~ 
~-----· -,--,•-·;-·----.... -~ = ~ a; 
(,- V 
' ' 
where the element of volume 
. - -- - ... - - . 
--.,-------_··_ - J.V = errR· d2 · Jr 
- --- - --- --------- - - (41) ---- -------------------- --- - ---- ' ----
·. , 
~ ~- ' . 
. ·--~ 
·5,. 
I I: •" I -
. ' 
. ' 
When the appropriate strain rates are substituted into Eq. (40) and the 
.integration performed (see chapter 7 of reference 19 for details), the 
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internal power of deformation for .each zone (for _top half of each zone 
·only) becomes: 
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Shear Power , 
A surface of velocity discontinuity is allowable.when the normal 
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· veloc_ity components on either side of the surface are equal in magnitude 
and direction. The tangential velocity components may. be different, and 
the tellD l~vl of Eqs. (15) and (16b) is the absolute value of the alge-
braic difference of the tangential velocity components. For the two sur-
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Along the surfaces r2 -and_r4 the shear stress is equated to the 
'limi ting stress for the mate~ial to insure that an upper bound is main-
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, S'gbstituting Eqs. (4Sl,-l47l, and (48) into Eq. (1Gb), the shear. ' ·~ ·. d 
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action of shear, the shear power loss will be positive. 
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Power for Vol,mie Change ;.--
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Bq.; (56) r~presents the last_ i;erm of Eqs. (14), (15), and (16) J and it 
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may be used in place of Eq. (16c). 
AfPlied Power 
. ' 
The extemally applied power is 
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where a is the applied stress. 
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According to Eq. (16) J* can be equated to twice* the sum of Eqs. 
since the power equations were originally computed for hal~-composite 
cylindrical regions 
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The terms on the right side of Eq. (60) are called re~ative powers and 
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. Eqs. (61) and (62) define the conditions for homogeneous deformation. 
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When c and a are replaced by£ aridµ of ·Eqs~ (2) ·and (3), non-
homogeneous deformation can be analyzed with the following equations. 
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Thus Eqs. (93) and (94) are the third order power (of£ andµ) series 
expansions. of Eqs. (63) and (65) respectively. 
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-APPENDIX VI (CRITICAL PRESSURE-FOR SPHERICAL VOIDS) 
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